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ABSTRACT 


A  compilation  is  made  of  the  phase  velocity  of  the  dominant  mode  of 
propagation  in  a  rectangular  waveguide  which  is  partially  loaded  with  a 
dielectric,  in  the  case  that  the  dielectric  interface  is  parallel  to  the 
broad  wall  of  the  waveguide.   Curves  are  presented  which  show  the  phase 
velocity  ratio  (c/v)  as  a  function  of  the  wavelength  to  guide  width  ratio 
(— )  for  seven  values  of  dielectric  constant  in  the  range  from  1.6  to  13.7; 
cut-off  information  on  three  other  important  modes  is  also  given.   The 
roots  of  the  transcendental  equation  for  the  propagation  constants  are  also 
tabulated.   Enough  of  the  field  theory  is  presented  to  allow  intelligent 
application  of  the  data. 


iv 
LIST  OF  SYMBOLS 


E   electric  field  intensity 
H   magnetic  field  intensity 


a  waveguide  width 

b  waveguide  height 

c  speed  of  light  in  free  space 

d  thickness  of  dielectric  material 

j  imaginary  unit 

k  propagation  constant  in  free  space  (2ir/X) 

k  propagation  constant  in  x  direction  in  waveguide 

k  propagation  constant  in  y  direction  in  waveguide 

k  propagation  constant  in  z  direction  in  waveguide 


phase  velocity  in  waveguide 


y  }  unit  vectors  in  coordinate  directions 


€  permittivity  of  dielectric 

X  free  space  wavelength 

(j.  permeability  of  dielectric 

to  radian  frequency  (radians/sec) 


1 .   INTRODUCTION 

There  is  considerable  current  interest  in  the  production  of  guided 
electromagnetic  waves  having  phase  velocities  equal  to  or  less  than  the 
speed  of  light  in  free  space  (for  example,  in  the  design  of  traveling 
wave  antennas  and  of  devices  involving  electron- traveling -wave  inter- 
actions)) .   A  convenient  way  to  obtain  such  phase  velocities  is  to 
partially  load  a  rectangular  waveguide  with  a  dielectric  material.   In 
antenna  work  particularly,  because  of  the  field  configurations,  it  is 
usually  desirable  to  place  the  dielectric  interface  parallel  to  the 
broad  wall  of  the  waveguide,  as  indicated  in  Fig.  1.   This  problem  has 


FIGURE  1.   PARTIALLY  DIELECTRIC  LOADED  WAVEGUIDE  SHOWING  COORDINATE 
SYSTEM  AND  DIMENSION  DESIGNATIONS 
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been  considered  by  others,    and  there  is  published  information  on  some 

3 
of  the  cut-off  frequencies,   but  (since  in  this  case  there  is  no  convenient 

relationship  between  the  cut-off  frequencies  and  the  propagation  constants) 
there  has  been  little  detailed  information  available  on  the  phase  velocities 
as  a  function  of  waveguide  geometry  and  dielectric  material.   This  report 
presents  such  information.   Main  consideration  is  given  to  the  dominant 
(hybrid)  mode  under  the  assumption  of  zero  energy  dissipation,  but  cut-off 
data  for  the  next  three  higher  order  modes  are  included.   Results  are 
presented  for  most  of  the  common  solid  dielectric  materials  which  have  a 
small  loss  tangent.   The  University  of  Illinois  digital  computer  (ILLIAC) 
was  employed,  first  to  solve  the  transcendental  equations,  and  then  to 
calculate  the  c/v  ratios.   The  results  were  spot  checked  with  desk  calcu- 
lators. 


2.   FIELD  THEORY 

The  elimination  of  one  or  the  other  of  the  field  variables  from  the 
Maxwell  equations  with  harmonic  time  variation  results  in  the  equation 

yxvxB-  w2|J.eB=  0  (1) 

where  EJ  is  either  E  or  H.   The  mathematical  problem  is  thus  to  find  solutions 

of  the  vector  Helmholtz  equation  (1)  which  satisfy  the  boundary  conditions 

and  Maxwell's  equations.   It  is  convenient  to  represent  the  fields  in  terms 

4 
of  a  pair  of  scalars.    The  customary  representation,  in  which  the  scalars 

are  related  to  the  longitudinal  components  of  the  fields,  with  the  consequent 

representation  in  terms  of  TM  and  TE  modes,  is  not  particularly  appropriate 

since  ordinarily  the  simplest  field  configuration  which  can  propagate  in  a 

waveguide  as  shown  in  Fig.  1  is  neither  TM  nor  TE.   Consequently,  we  will 

employ  the  alternative  representation  in  which  the  modes  are  separated  into 

those  for  which  there  is  no  y-component  of  magnetic  field  (H  =  0)  and  those 

for  which  there  is  no  y-component  of  electric  field  (E  =0).   For  convenience, 

we  will  designate  these  modes  as  PM  (for  parallel  magnetic,  i.e.,  H  is 

parallel  to  the  dielectric  interface)  and  PE  (E  is  parallel  to  the  dielectric 

interface) . 

2.1   PM  Modes  (H  =  0) 

We  first  look  for  solutions  such  that 


H  =  Vx  f  $  (2) 

(carat  symbol  designates  unit  vector) . 
In  this  case  we  find  from  Eqs  (1)  and  (2)  the  equation 

V  X(V  X  V  X  fy  -  w  U.  €  fy)  =  0  (3) 

from  which  it  follows  that 

V  x- Vxfy  -  w2|i€fy  =  vu,  (4) 

where  U  is  an  arbitrary  scalar.   If  we  take  U  =  $f/9y  we  find  that  f 
must  satisfy  the  equation 

V2f  +  w2jjl€  f  =  0.  (5) 


We  are  looking  for  the  fields  which  propagate  in  the  z  direction,  hence 

we  let 

k  z 
f  =  F(x,y)e  Z  (6) 

and  find  the  equation 

d2F       a2F  2       2 

ox    dy 


To  proceed,  we  divide  the  waveguide  into  two  regions— in  each  of  which 

the  values  of  €  is  constant.   The  solution  consists  of  those  functions 

F  and  F  which  satisfy  (7)  and  the  following  boundary  conditions. 
1       2 

A  d± 

■Xs  •  H  =  0  (  =  -  -£-)  at  x  =  0  and  x  =  a  (8) 


^  '  Sj_  -  &  •    I2  at  y  =  d  (9) 


^■H1=^.H2aty  =  d  &   •  H  =  ||)  (10) 

o 
*  ■  £  =  °  <=  j^e  ^5^)  at  y  =  0  and  y  =  b  (11) 


£  *  E.  =  £  •  E0  at  y  =  d  (12) 

™1         ^ 

2 

^  .  E  =  0  (=  —  ( — |  f  co2  |jL€f))  at  x  =  0  and  x  =  a        (13) 

jC0£  dYz 

a2 

*  '  S  =  °  (=  ~m     W_)  at  x  =  0  and  x  =  a 

J       y    and  at  y  =  0  and  y  =  b  (14) 


z    °    EjS^-  E2  at  y  =  d.  (15) 

It  is  clear  from  (9),  for  example,  that  the  propagation  constant  k 

z 

must  be  the  same  in  both  regions.   Assuming  a  product  solution  of  (7)  gives 
solutions  of  the  type 

F  =  sin  (k  X  +(f)    )  cosh  (k  y  +  0)  (16) 


and  applying  the  conditions  (8),  (9),  and  (14)  gives  the  functions  for  the 
regions  as  follows: 

F,  =  A,  sin  —  cosh  k   y  (17) 

11a        y1 

F0  =  A0  sin  -^  cosh  k   (y-b) .  (18) 

*  *  a        y2 

Then  to  satisfy  (10)  we  must  have  the  equation 


A,  cosh  k   d  =  A„  cosh  k    (d-b)         (19) 
1       yl      2       y2 

and  to  satisfy  (15)  we  must  have 

—  A,  k   sinh  k   d  *  ~  A„k   sinh  k   (d-b).   (20) 
€1  1      yl       yl     €2  2y2       y2 

These  latter  two  equations  combine  to  give  the  transcendental  equation 
k  k 

y  y 

2-i  tanh  k   d  =  ^-2-  tanh  k    (d-b)  (21) 

1        yl      2        y2 


which  can  be  used  to  solve  for  the  propagation   constants  since  by  (7) 

(22) 


-  k  2  +  k  2  +  (co2n  €  +  k  )  *  0 
x     y       r     z 


so  that  2    2    _    ,   2    2    _  ,„  „ 

k    +  w  ll.  €  =  k    +  co  w   €  (23) 

y       H.   1     y       ^2   2 


If  we  put  |i,,  =  |x  and  let  medium  2  be  vacuum,  then 


2      2    27T  2 
\     -  X     +  (X>   <*r  "  »  <24> 

where  €   is  the  relative  permittivity  of  medium  1. 

\ 
The  phase  velocity  ratio  —  =  — —  can  thus  be  found  by  solving  (21) 


subject  to  (24)  and  using  (22)  to  find 


v   V  r    2a 


A  careful  examination  discloses  that  equation  (21)  has  no  solutions  if 

k   is  pure  real,  but  there  is  no  such  limitation  on  k   ;  for  the  dominant 
yi  y2 

mode  (a>b),  k   is  real . 
y2 
From  Eq„  (2),  with  (6),  (17)  and  (18),  we  find  the  expressions  for  the 

magnetic  field  components 

k  z 

H   =  -  Ak   sin  —  cosh  k  y  e  Z  (26) 

\  z      a         y1"y 

k  z 
.  nfl"     n7Tx    ,  ,       z  ,„„. 

H   ■=  A  —  cos  cosh  k  y  e  (27) 

zx       a       a         yx 

with  similar  expressions  for  region  two,  except  with  the  cosh  argument 

changed  to  k    (y-b) . 
y2 
From  the  Maxwell  equation 

E  =  ^—  (VX  H), 


we  find  that  the  electric  field  components  are  as  follows: 

^     A  nU  ,      nffx   .  ,  ,      z  ,„„v 

E  =  ,-?-«:  —  k   cos  sinh  k  y  e  (28) 

*!      J"^  a   Yi     a        y^ 


_\  r.n7T.2     2~] 


n  —  cosh  k   y  e  Z  (29) 

y-,  ow  €,  I  a     z  I     a      yx 


A-,  «  k  z 

1  n^x   ,  .  ,        z  ,„„. 

E  =  .  ,  ■  _■  ■  k   k   sin  sinh  k   ye  (30) 

Zl   J    1    yl   Z      a        yl 

with  an  obvious  change  of  subscripts  and  argument  to  characterize  the 
fields  in  region  2, 


2.2  PE  Modes  (E  =  0) 

To  delineate  the  PE  modes,  we  proceed  in  a  fashion  analogous  to  that 
above  under  PM  modes.   Thus  we  look  for  solutions  (E  =  0)  for  which 

y 

E=VX  gy\  (31) 

As  before/  we  look  for  solutions  of  the  type  for  which 

k  z 
g  =  G(x,y)  e  Z  (32) 


and  we  find  the  equation 


^§  +  ^§  +  (coV  *  k  2)  G  =  0.  (33) 

8x2    8y2  Z 


The  boundary  conditions  (8)  to  (14),  (except  for  the  parentheses)  apply  with 
the  additional  condition, 

a2 

1     -g    2 
y  •  H  =  0  (  =  -  1—  (— ■ -  +  w  u£  g)  at  y  =  0  and  y  =  b.  (34) 

JWM-  ay2 

The  conditions  on  g  and  G  can  be  found  by  interchanging  the  roles  of  E  and  H, 
(In  particular 

—     dz  '  ox 

<>  .    w  -  1  9  g         O  .    w  _  x     JX\ 

-  jqj.  ox  9y'  -  jcojj.  9z   9y 

Application  of  these  boundary   conditions   gives  the  result 

_             nJTx     .    , 
G,    =  B,    cos  sinh     k     y 

i       i  a  yt 

G„  =  B„  cos  sinh  k        (y-b) 

2  2  a  y2 


and   the   transcendental    equation 


|a-     tanh  k     d  |i       tanh,  k      (d-b) 
1                  yl  2  y2 

k  k' 

yi  y2 


The  field  components  are  found  in  straightforward  fashion  to  be 


k  z 
„  ,  n7Tx      .    .    ,  z 

E       =  -  B,  k     cos  sinh  k       ye 

xx  1   z  a  yx 

k  z 

„  „     nil  nTTx      .    ,    ,  z 

E       =  -  B,   —  sxn  sinh  k     y   e 

z±  1    a  a  y;L 

B,  k  z 

1      nTT      J      nTTx         ,     ,  z 

H       =     -rfr sin  cosh,  k     y  e 


x1  jo^x 


y-. 


1       ,    ,n7J\2        ,     2.              nflx      .    .    ,  z 

H        =       -: (    ( — )      -  k      )    cos  sinh  k     y   e 

yl      J°^l     a       z        a        ^i 

-B,              «■  k  z 

•    In,        n^x     v.  ,       z 
k  k   cos  cosh  k  y  e 


z1     ja^j,   z  ^       a        y. 


Note  that  n  =  0  gives  a  permissible  PE  solution,  and  these  modes  are  also  TE. 


3.  COMPUTATION 

The  computational  difficulty  lies  in  the  fact  that  the  quantities 

k   and  k   which  appear  in  the  equations  of  the  foregoing  section  depend 

^1      ^2 
upon  the  parameters   6  ,  b,  and  d  in  such  a  way  that  a  change  in  any  one  of 

these  requires  a  new  numerical  solution  to  the  transcendental  equation  (21). 

Thus,  any  extensive  tabulation  of  results  make  the  use  of  a  high  speed 

computing  machine  almost  imperative.   The  availability  of  the  ILLIAC  made 

the  present  compilation  feasible. 

In  selecting  the  parameters  for  calculation,  an  effort  was  made  to  obtain 

values  for  those  situations  most  likely  to  be  of  interest.   Thus,  data  are 

available  for  seven  values  of  dielectric  constant  in  the  range  from  1.6  to 

13.7,  with  fillings  (d/b)  ranging  from  10  to  90  percent,  and  waveguide 

aspect  ratios  varying  from  0.1  to  1.0.   Selections  from  these  data  are 

presented  here  in  graphical  form.  The  results  from  the  digital  computer 

were  printed  out  with  eight  significant  figures;  however,  for  most  applications 

such  accuracy  is  neither  warranted  nor  realistic.   The  program  was  set  up 

to  instruct  the  computer  to  calculate  c/v  ratios  in  small  steps  of  \/2a   until 

it  reached  a  value  for  which  (c/v)  was  negative.   Consequently,  the  cut-off 

dimension  lies  between  the  last  calculated  point  and  the  next  higher  regular 

step.   Table  1  is  a  facsimile  of  the  form  of  the  data  as  obtained  from  the 

computer. 

It  is  convenient  to  distinguish  the  modes  of  propagation  by  a  pair  of 

numerical  subscripts.   The  first  subscript  will  specify  the  root  of  the 

transcendental  equation  which  appears  in  the  solution  (roots  numbered  from 

the  smallest) p  while  the  second  subscript  specifies  the  integer  n  in  the 

argument  of  the  trigonometric  functions  (nif/a).      Thus,  the  mode  PM.   is  the 

dominant  mode  if  a>b.   The  c/v  ratios  for  this  mode  are  plotted  in  detail 

in  the  following  figures.   The  cut-off  dimensions  for  the  PE   mode  and  the 

PM   mode  were  calculated  by  the  ILLIAC  and  are  plotted  on  the  curves  for 

values  of  d/b  =  .2,  .4,  .5,  .6,  .8.   The  symbols  are  as  follows:  a  circle 

(O)  for  the  PE   mode,  and  a  triangle  (A)  for  the  PM   mode.   The  cut-off 

dimension  for  the  PM   mode  was  obtained  (less  accurately)  by  extrapolation. 
1» 

This  information  also  appears  in  the  graphs,  with  the  square  symbol  (D) 
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designating  the  PM   mode,,   The  cut-off  dimensions  for  the  modes  analogous  to 
these  latter  three  modes  in  the  limiting  case  of  d/b  equal  to  zero  or  one 
are  as  follows: 


X   V^r"" 


at  cut-off 


PE         (  O  )   -£-  =  -  V*T'  at   cut-off 
10  2a        a    v    r 


b   /  f-r 

aVl  +    (b/a): 


>    2^iii/7        ^.2 


Figures  2  through  43  contain  the  phase  velocity  information  plotted 
so  as  to  be  immediately  useful  in  the  design  problem  in  which  the  object  is 
to  prescribe  the  dimensions  in  a  waveguide  for  single  mode  propagation  when 
the  phase  velocity  at  a  given  frequency  is  specified. 

An  indication  of  other  ways  of  presenting  the  same  information  to  increase 
its  utility  is  given  in  Figs.  44  through  48.   For  example,  Fig.  44  shows  the 
variation  of  phase  velocity  with  dielectric  constant  for  particular  waveguide 
geometries.   To  facilitate  interpolation  between  the  d/b  and  b/a  ratios  used 
in  the  calculation,  the  data  can  be  presented  as  in  Figs,  45  through  48. 

Tables  2  through  8  give  the  roots  of  the  transcendental  equation  (21) 
for  different  dielectric  constants  and  waveguide  geometries.   The  results  can 
be  used  directly  in  Eq.(25)  to  make  specific  calculations  for  particular 
designs. 
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FIGURE  2.   PHASE  VELOCITY  RATIO  OF  TiiE  PM   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1. 
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FIGURE  3.   PHASE  VELOCITY  RATIO  OF  THE  PM„ 
FIGURE  1. 
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FIGURE  4.   PHASE  VELOCITY  RATIO  OF  THE  PMU 
FIGURE  1. 
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FIGURE  5.   PHASE  VELOCITY  RATIO  OF  THE  PM   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1. 
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FIGURE  6.   PHASE  VELOCITY  RATIO  OF  THE  PM   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1. 
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FIGURE  7,   PHASE  VELOCITY  RATIO  OF  THE  PM   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1. 


17 


FIGURE  8, 


PHASE  VELOCITY  RATIO  OF  THE  PM   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1. 
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FIGURE  9 

1.6 


PHASE  VELOCITY  RATIO  OF  THE  PM   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1. 
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FIGURE  10.   PHASE  VELOCITY  RATIO  OF  THE  PMn  MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1. 
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FIGURE  11.   PHASE  VELOCITY  RATIO  OF  THE  PM   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1. 
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FIGURE  12,   PHASE  VELOCITY  RATIO  OF  THE  PM^  MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1. 
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FIGURE  13.   PHASE  VELOCITY  RATIO  OF  THE  PM   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1, 
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FIGURE  14..   PHASE  VELOCITY  RATIO  OF  THE  PM   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1. 
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FIGURE  15.   PHASE  VELOCITY  RATIO  OF  THE  PM   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1. 
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FIGURE  16.   PHASE  VELOCITY  RATIO  OF  THE  P1VL   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  J. . 
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FIGURE  170   PHASE  VELOCITY  RATIO  OF  THE  PM^   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1. 
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FIGURE  18.   PHASE  VELOCITY  RATIO  OF  THE  PM   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1„ 
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FIGURE  19.   PHASE  VELOCITY  RATIO  OF  THE  PM   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1. 
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FIGURE  20,   PHASE  VELOCITY  RATIO  OF  THE  PM   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 
FIGURE  1. 
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FIGURE  21  PHASE  VELOCITY  RATIO  OF  THE  PM, ,  MODE  IN  THE 


WAVEGUIDE  AS  SHOWN  IN  FIGURE  1 
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FIGURE  22   PHASE  VELOCITY  RATIO  OF  THE  PM,  ,  MODE  IN  THE 


WAVEGUIDE  AS  SHOWN  IN  FIGURE  1 
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FIGURE  23   PHASE  VELOCITY  RATIO  OF  THE  PMX1  MODE  IN  THE 

WAVEGUIDE  AS  SHOWN  IN  FIGURE  1 
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FIGURE  24   PHASE  VELOCITY  RATIO  OF  THE  PMn  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1. 
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FIGURE  25  PHASE  VELOCITY  RATIO  OF  THE  PMn  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1. 
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FIGURE  26   PHASE  VELOCITY  RATIO  OF  THE  PMn  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1. 
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FIGURE  27   PHASE  VELOCITY  RATIO  OF  THE  PMn  MODE  IN  THE 


2.4 
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FIGURE-- 1. 
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WAVEGUIDE  AS  SHOWN  IN  FIGURE  1. 
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FIGURE  29   PHASE  VELOCITY  RATIO  OF  THE  PMX1  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  I. 
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FIGURE  30   PHASE  VELOCITY  RATIO  OF  THE  PM]L   MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1. 
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FIGURE  31.   PHASE  VELOCITY  RATIO  OF  THE  PM   MODE  IN  THE  WAVEGUIDE  AS  SHOWN  IN 

FIGURE  1. 
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FIGURE  31   PHASE  VELOCITY  RATIO  OF  THE  PMn  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1. 
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FIGURE  33   PHASE  VELOCITY  RATIO  OF  THE  PM   MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1, 
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WAVEGUIDE  AS  SHOWN  IN  FIGURE  1. 
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FIGURE  35  PHASE  VELOCITY  RATIO  OF  THE  PM, ,  MODE  IN  THE 


WAVEGUIDE  AS  SHOWN  IN  FIGURE  1 
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FIGURE  36   PHASE  VELOCITY  RATIO  OF  THE  PMU  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1. 
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FIGURE  37 


PHASE  VELOCITY  RATIO  OF  THE  PMn  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1. 
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WAVEGUIDE  AS  SHOWN  IN  FIGURE  1. 
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FIGURE  39   PHASE  VELOCITY  RATIO  OF  THE  PMX1  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1„ 
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FIGURE  40   PHASE  VELOCITY  RATIO  OF  THE  PU^    MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1. 
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FIGURE  41   PHASE  VELOCITY  RATIO  OF  THE  PMX1  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  L 
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FIGURE  42   PHASE  VELOCITY  RATIO  OF  THE  PMlx  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1  . 
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FIGURE  43  PHASE  VELOCITY  RATIO  OF  THE  PM1X  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1. 
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FIGURE  44   PHASE* VELOCITY  RATIO  OF  THE  PM1]L  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  J.N  FIGURE!, 
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FIGURE  45   PHASE  VELOCITY  RATIO  OF  THE  PM-q  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1= 
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FIGURE  46   PHASE  VELOCITY  RATIO  OF  THE  PMn  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1. 
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FIGURE  47   PHASE  VELOCITY  RATIO  OF  THE  PM11  MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1, 
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FIGURE  48 


PHASE  VELOCITY  RATIO  OF  THE  PM    MODE  IN  THE 
WAVEGUIDE  AS  SHOWN  IN  FIGURE  1. 
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TABLE  II.   VALUES  OF  (k  X)/j  WHICH  SATISFY  EQUATION  (21),  RELATIVE 


DIELECTRIC 

CONSTANT  €1 

=   1.60 

V 

1.60 

X 

CkYl  X)/j 

b 

d 

b          -2 

.h 

.5 

.6 

.8 

1.00 

h.ohoi 

2.8501 

2.U309 

2.10U6 

1.5995 

1.20 

U. 2212 

3.1712 

2.7U12 

2.387U 

1.7985 

1.60 

1.3797 

3.5781 

3.1705 

2.79U1 

2.0769 

2.00 

U.14JU02 

3.7791 

3.^080 

3.03U6 

2.2L3U 

2. IjO 

h.h693 

3.8832 

3.5398 

3.1757 

2.3h5l 

3.00 

h.)t912 

3 .9629 

3.6b50 

3.2931 

2.1i338 

li.00 

lx.5071 

lu0207 

3.723U 

3.3837 

2.5059 

5.oo 

U.51U2 

h.0h6l 

3.7583 

3.k2k9 

2.5399 

6.1a0 

U.5189 

1.0632 

3.7819 

3.h531 

2.5638 

8.00 

1.5215 

h.0726 

3.7950 

3.1688 

2.5773 

8.80 





3.7990 

3.1j737 

2.5815 
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TABLE  V.   VALUES  OF  (k  \)/j  WHICH  SATISFY  EQUATION  (21) 


RELATIVE    DIELECTRIC   CONSTANT 

€      =   3.78 

€1 

=  3.78 

X 

d 
b 

b 

.2 

.1* 

o5 

.6 

.8 

1.067 

7.1015 

3.9063 

3.1721 

2.6687 

2.0221 

1.60 

9.0P27 

5.6157 

a  .6.115 

3.9023 

2.9588 

2.00 

9.6732 

6.71*22 

5.6037 

h.7665 

3.6073 

2.  hO 

9.8900 

7.6709 

6.1*881 

5.5568 

1*.1952 

3.00 

10.0116 

8.5859 

7.5310 

6.5532 

1*. 91*28 

1*.00 

10.0801* 

9.1971 

8.1*713 

7 .6626 

5.8191 

5.00 

10.1066 

9.1*025 

8.81*511 

8.11*01 

6.3328 

6.00 



9.h9l*0 

90oi55 

8.3951* 

6.6316 

6.1*0 

10.1229 

9.5169 

9.0580 

8.1*608 

6.711*8 

8.00 

10.1316 

9.5728 

9.1608 

8.6205 

6.9311* 

9.60 



9.6008 

9.2118 

8.700h 

7.01*7)* 

TABLE  VI.   VALUES  OF  (k  \)/j  WHICH  SATISFY  EQUATION  (21).   RELATIVE 


DIELECTRIC 

CONSTANT  €J 

=   5.75 

€1  = 

5.75 

X 

d 
b 

b 

.2 

J* 

.5 

.6 

.8 

1.20 

8.5898 

h.5297 

3.65U* 

3.0618 

2.3105 

1.60 

10.8068 

5.91*81* 

I*c8l76 

l*.ol*5l 

3 .0561 

2.00 

12.2759 

7.3065 

5.9h72 

5.0059 

3.7828 

2.1*0 

12.9082 

8.5829 

7.031*1* 

5.9381 

1*.L81*7 

3.00 

13.1906 

10.2502 

8.51*87 

7.2611* 

5J4762 

l*.oo 

13.3123 

11.9092 

10.5215 

9.1399 

6.9082 

5.00 

13.3519 

12.1*61*9 

11.5680 

10.1*122 

7.9975 

6.00 

12.6695 

12.0200 

11.1126 

8.71*80 

6.1*0 

13.3750 

12.7160 

12.1231 

11.2876 

8.9703 

8.00 

13.3867 

12.8212 

12.3513 

11.6886 

9.5613 

9.60 

i 

— — 

12.8699 

12.1*532 

11.8699 

9.871*7 
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TABLE  VII.   VALUES  OF  (k  \)/j  WHICH  SATISFY  EQUATION  (21) 


RELATIVI 

2     DIELECTRIC  CONSTANT 

€     =   10.0 

€      - 

1    ~ 

10.0 

X 

d 

b 

b 

.2 

ok 

.5 

.6 

.8 

1.20 

9.09U6 

k 06363 

3o72l6 

3.1082 

2.337U 

1.60 

11.9152 

6.1U53 

ii.9397 

14.1289 

3ol075 

2.00 

11.5080 

7.6327 

6. 1153 

5.  Hill* 

3  08718 

2oU0 

I6o6205 

9.09l*a 

7.3368 

6.1UI4.6 

a. 6288 

3.00 

18.0837 

11.2235 

9.0920 

7.6283 

5.7i*6l4 

UoOO 

18.U618 

lU.U5h6 

11.8839 

10.0186 

7.5)il7 

5.00 

18.5381 

16.6706 

lJUo3?6U 

12.22U2 

9.2125 

6.00 

17.539a 

16.0369 

IU.0790 

10.7010 

60hO 

18.575a 

17.695b 

16.U682 

lii.6766 

11.2319 

8o00 

18.5926 

17.9823 

17.3075 

16.1831 

12.9273 

9.60 



13,0875 

17.5921 

16.796U 

13.9  811 

llo20 

17.7216 

17.071^3 

D*.5972 

TABLE  VIII.   VALUES  OF  (k  X)/j  WHICH  SATISFY  EQUATION  (21).   RELATIVE 


DIELECTRIC 

CONSTANT  € 

=   13.7 

13.7 

X 

d 

b 

.2 

.1* 

.5 

.6 

.8 

1.20 

9.2268 

a. 6657 

3.71*02 
£.9733 

3.1210 

a. 1521 

2.3U*7 

1.60 

12.1878 

6.1991 

3.1209 

2.00 

15.0U66 

7.7200 

6.1991 

5.1781 

3.8830 

2. hO 

17.7190 

9.2?68 

7.1168 

6.1990 

a.6633 

3.00 

20.7905 

11.1*51*9 

9.226U 

7.7190 

5.8083 

1**00 

-21.9512 

15.0381 

12.1811 

10.2132 

7.6836 

S.00 

22. 08 hi 

I8.2h05 

15.0013 

12.6295 

9.a989 

6.00 

20.3523 

17.5165 

ia.9018 

11.22a5 

6.U0 

22.1369 

20.7837 

I8.3608 

l5.7ai*5 

11.8811 

8.00 

22.1591 

21.1*1*96 

20.3759 

is.a5o6 

ia.2ao5 

9.60 

21.63)49 

21.0071 

i9.eaa8 

i6.oai5 

11.20 



21.2U53 

20.a336 

17.2h25 
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4.   NOTE  ADDED  IN  PROOF 

In  looking  over  the  curves  in  proof,  it  was  apparent  that  some 

accuracy  was  lost  in  the  reproduction  of  the  graphs.   For  example,  in 

Figs.  2-43,  the  c/v  curves  for  the  cases  d/b  =  0  and  d/b  =  1  (drawn  in 

for  reference)  are   circles  centered  at  the  origin  with  radii  unity 

(in  units  of  X/2a)  and  Je    ,  respectively.   These  circles  were  accurately 
v  r 

drawn  on  the  original  graphs;  therefore,  an  estimate  of  the  error  in 

reproduction  can  be  made  by  drawing  these  circles  on  the  graphs  and 

comparing.   If  great  accuracy  is  required,  the  values  in  Tables  II-VIII 

can  be  used  with  equation  (25)  (substitute  the  negative  of  the  square 

2 
of  the  table  entry  for  the  quantity  (k  X)   in  equation  (25)). 

yi 
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